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1. IN-IR~DUCTI~N 
We will study the positive, entire solutions of the singular elliptic 
equation 
--Au =f(x)u-“, A > 0, (1) 
where f E C;“,,(R”), 0 < c( < 1, and f(x) > 0 for 1x1 > 0. Problem (1) appears 
in the bounary layer work of Callegari and Nachman [Z, 31, and in the 
work of Kusano and Swanson [9], who studied the question of existence 
of entire solutions by the barrier method. Indeed it appears that much of 
the recent work on the existence of solutions to nonlinear elliptic equations 
has been by means of this method, using ordinary differential equation 
methods to obtain the required sub and super solutions. 
This work will instead be based upon classical integral operator equa- 
tions in R”, and a priori estimates. This method is of interest because (1) 
it yields better estimates for the rate of growth of solutions as 1x1 -+ co, and 
(2) it generalizes to higher order equations, where methods based on the 
maximum principle cannot be applied. 
The problem under study, that of finding positive, globally bounded 
solutions decaying to 0 at infinity, will be studied by methods which have 
been successfully applied to small perturbation problems for ODES in 
exterior domains (see Kusano and Naito [7] and Edelson and Schuur 
[S]), can and will be applied here to obtain global existence theorems. In 
the superlinear case it is not possible to find convex sets invariant under 
the integral operators, therefore we consider only the case 0 < A < 1. The 
problem of existence for A > 1 will be studied in a subsequent paper (see 
191). 
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In Section 2 Eq. (1) will be studied for n 2 3. The principle result is a 
condition stated in terms of an integral growth condition on f, which is 
sufficient for the existence of a positive entire solution decaying to zero as 
1x1 + co. This result is analogous to that obtained in [9], except that more 
precise information is obtained about the rate of decay at infinity. Then in 
Section 3, we consider the equation 
Au = f(x)+, n=2 (2) 
which is known to have no bounded, positive, entire solution. We show the 
existence of positive, entire solutions have logarithmic growth at infinity. 
This generalizes the corresponding result of [S], which assumedf= f(lxl) 
is radially symmetric. 
We will use the following notation throughout: 
(i) qx-y)= 
1 
n(2 - n)o, 
IX- Y12? n>3 
=&x3 IX-A n=2 
(ii) 
(iii) 
(iv) 
Q, = {ydv: lyl >M} 
Qwdv ={J=R”: M< lyl -<N} 
B,(x)= {yER”: lx-y1 -<r}. 
2. BOUNDED ENTIRE SOLUTIONS IN DIMENSIONS na3 
For n > 3 we will derive sufficient conditions for the existence of a 
bounded, entire solution of (1). We require continuous functions p(t), P(t) 
satisfying 
~~P~l~l~~f~~~~~~I~l~~ for O< 1x1. (3) 
Such functions can be defined by 
p(l) = , i:f, f(x), zJ(t) = sup f(x). x @I= I 
We assume 0 < 1~ 1, and that f satisfies the growth condition 
s 
cc , t”- 1+“(“-2)P(t)dt<co. 
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Solutions of (1) will be obtained as fixed points of the operator 
operating in the space 
Q= {u~c(R”):k-l~(lxl)du(x)~k~(lxl), k> l}, 
where 
d(t) = 1, O<t<l 
= t2-” 7 1<t<co. 
Q is clearly a closed, convex subset of the Frechet space C(R”), topologized 
by uniform convergence on compact subsets. We will show 
LEMMA 1. (i) T maps Q into Q, 
(ii) T is continuous, 
(iii) T(Q) is compact. 
Proof of(i). For u E Q and 0 < 1x1 < 1, 
mw=\ Ix-Y12-“f(YMY)-“~Y 
R” 
<k” 
5 R"I~-Yl~-n~~lYl~~~lYl~dy 
and this is G k#( 1x1) provided 
k’-‘>w,-, pP(p) dp + Jy p1 ++2)P(p) dp]. 
For 1 < 1x1 < co, 
(5) 
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T[u](x)<k”o,-, j; /X12-np.--IP(p)dp+S:r’ (Xl*--np”-‘++2) 1 
xP(p)dp+llq p’t”‘““P(P)dp] 
x 
1+4n-2) p(p) dp 1 
and this is < k4( (XI ) provided 
Analogous calculations yield lower estimates which show that 
T[u](x) > k-‘#(lxl) provided 
k-‘+A60,-1 P “‘p(p)dp+jlmpl+*‘“-“p(p)dp]. (7) 
Clearly for k sufficiently large and 0 <I < 1, (5), (6), and (7) are all 
satisfied, so that T maps Q into itself. 
Proof of (ii). Let {urn) be a sequence in Q, converging to u in the 
topology of Q. 
ITC~,l(x)- TCul(x)l <j-R” Ix-~l~-“f(~) Iurn(“--u(y)-“1 dy 
By (4) we can apply the dominated convergence theorem, and we conclude 
that T[u,] converges to T[u], uniformly on compact sets. It follows that 
T is continuous. 
Proof of (iii). T(Q) is clearly uniformly bounded. For equicontinuity, 
we see that 
I TCul(x) - TC~lb’)l 
G f R” Ilx-y12-“-l~‘-~12-“I f(y)u(y)-“dy 
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and since Ix - ~1’~” is integrable, it can be shown that this converges to 
zero, uniformly on compact sets. It then follows from Ascoli theorem that 
Z(Q) is compact. 
THEOREM 1. Equation (1) has a positive, bounded, entire solution which 
satisfies 0 < c IxI2-n < u(x) < c’ (xJ*-~ for 1x1 sufficiently large, if the 
growth condition (4) is satisfied. This solution in fact satisfies 
Proof. By the lemma we can apply the Ascoli-Arzela theorem to 
conclude that T has a lixed point u E S, which satisfies the integral equation 
u(x)=Jh”r(x-y)f(y)u(l’)~idy. (9) 
Then u is certainly CrOJR”). We will show that u can be expressed as the 
limit of a sequence of solutions of the Poisson equation 
-Au= f(x)u(x)--“. (10) 
For a fixed N,, and N > N,, let uN be the solution of (9) defined by 
By Corollary 4.7 of [63, some subsequence of {uN} converges uniformly on 
sz ,,.,O to a solution of (1). We will show that the entire sequence converges 
uniformly to u on Q,,.,. We have 
as N+ co, and the convergence is uniform on a,,, N,,. It follows that u is a 
C:Ga(R”) solution of (l), which decays as IX/‘-~ as 1x1 -+ co. 
Finally we will verify (8). The function lxln ~ 2 u(x) is uniformly bounded 
for x E R”, therefore for s1 > 0 there exists an N,(E, ) such that 
(i) lxr2 s,, 
I 
r(x-Y)f(Y)u(y)~“dy<a&l. 
(11) 
(ii) 
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Define the function T,,(x - y) by 
C,(x - Y) = w  - Yh 
1 2-n 
= 
42 - n)o, E2 3 
lx--A K&2. 
It follows from the dominated convergence theorem that 
lim 
I.4 - 00 J 
f& - Y) f(Y) u(Y)-” 4 
EN‘ 
= J f(v) 4w 4J. (12) ENI 
Therefore, 
I J 1X1”-* R” r(x-y)f(y)u(y)-‘dy-n(n_12)o JRnf(y)u(y)-^ dy n 
= I.$+2 
I J 
m  - VI f(Y) e4-” dy EN 
I 
1 J -n(n-2)0, RN, f(Y) U(Y)Y 4 
+ IXY-~ J m- y) KY) u(w dv -1 
1 - 
0 - 21% J KY) U(Y) -,I a. ON, 
By (12) the second term above is < *E,, for all x E R”. We estimate the first 
term. It follows from (13) that there exists an N2(N1, E,) such that for 
I4 ’ N2, 
I J lxr2 BN, c*(vY)flY)u(Y)-“~Y 
Therefore the first term above is < 
(14) 
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Since lim,,, 4 m IxI~-~ jBE2,xl T(x - y) f( y ) u(y) -’ dy = 0, there exists an 
N3(s2) such that for 1x1 > N3, (xln-* je+) T(x - y) f(y) u(y)-” dy < a~,. 
Therefore for 1x1 > N= maxi=,,,,,,, Ni, we have 
1 
- n(n - 2)0, s 
f(y) 4~-” dy 
R” 
1 1 1 
-c-E, 
4 
+-El 
4 
+--E, 
2 
=E,, 
which implies (8). 
3. POSITIVE ENTIRE SOLUTIONS IN DIMENSION 2 
For the equation 
du=f(x)u-A, XER2, O<A<l. (2) 
it follows from the maximum principle that no positive entire solution can 
decrease uniformly as 1x1 + co. Kusano and Swanson have shown that if 
j(x) = f( 1x1) is radially symmetric, then this equation has a positive solu- 
tion having logarithmic growth as 1x1 + co. They ask if this is true for the 
more general equation (2). We will answer the question affumatively by 
means of an integral operator in R*. There remains the interesting question 
of whether these methods can be used to prove the existence of positive 
solutions of (2), whose growth as (xl + 00 is faster than log (xl. 
Define the function h by 
h(t) = 1, O<t<e 
= log t, e<t<co. 
We will work in the convex set 
s= {uEC(R*):k-‘h Ixl<u(x)<kh(lxl)} 
for some suitably chosen constant k > 1. Let the operator T: S + S be 
defined by 
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LEMMA 3.1. Zf the condition 
I 
02 
t(log t)-” P(t) dt < CC (15) P 
is satisfied, then T is a continuous, compact mapping of S into itself: 
Proof (i) T maps S into S. 
For UES and 0~ 1x1 <e, 
Let Q+ (resp. a-)= (FERN: log(lx-vl/lyl)>O (resp. -CO)>. Then 
and this is G kh (1x() = k provided 
s 
m 
k’-“> 
P 1% y P(p) dp. (16) 
0 
Note that (16) can be satisfied for k sufficiently large. For 1x1 >e, 
and this is < kh (/xl)= klog 1x1 provided 
k’-“~210g(l+e)~Imp(logp)~1P(p)dp. (17) 
The previous arguments show that for UE S, T[u](x) dkh(lxl). and 
similarly we can show that T[u](x) 3 k-‘h(lxl ). 
(ii) T is continuous. 
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Let (urn} be a sequence in S with lim, _ m U, = U, uniformly on compact 
sets. Then 
The second integral is 6 2k” j,,,, pN ~(Ix-ylllyl)f(y)h(lyl)~“~~<&/2 
provided N is suffkiently large. Since u, converges uniformly on 1 yl Q N, 
for * > may IhLW - 4Wl G W)Cji2 hdlx- ~lllvl) f(y) 4~1~~. 
(iii) The compactness of T follows from Ascoli-Arzela theorem, and 
the proof is similar to that given in [4]. 
THEOREM 3.2. Condition (15) is sufficient for Eq. (2) to have a positive 
entire solution in R2, having logarithmic growth as 1x1 + CO. 
Proof By the Schauder fixed point theorem, there exists a u E S which 
satisfies the integral equation. 
(18) 
Then u is Croc( R’), and we will express u as the limit of a sequence of 
solutions of the Poisson equation 
Au= f(x) u(x)-“. (19) 
Fix No > 1, and for N > No let U, be the solution of (19) defined by 
UN(X) = j,,, 6 N f(lx- Yl/l.d)f(Y) U(Y)-” &. Then uN is CL for I4 <No 
and by Corollary 4.7 of [6], some subsequences of {u”} converges 
uniformly on ly) d No, to a solution of (19). But the entire sequence (un} 
converges to U. To verify this, [u(x)-u,(x)/ = j,,,PNf(I~-~l/lyl) f(y) 
u(y)-” dy and this -+ 0 as N + 0. It follows that u satisfies (2) for 1x1 < No, 
and hence in all of R2. 
REFERENCES 
1. H. BERESTYCKI, P. L. LIONS, AND L. A. PELETIER, An ODE approach to the existence of 
positive solutions for semilinear problems in R”, Indiana Univ. Mdz. J. 30, No. 1 (1981). 
141-157. 
532 ALLAN L. EDELSON 
2. A. J. CALLEGARI AND A. NACHMAN, A nonlinear singular boundary value problem in the 
theory of pseudoplastic fluids, SIAM J. Appl. Math. 38 (1980), 275-281. 
3. A. J. CALLEGARI AND A. NACHMAN, Some singular, nonlinear differential equations arising 
in boundary layer theory, J. Mad Anal. Apll. 64 (1978), 96-105. 
4. A. L. EDELSON, Semilinear elliptic equations in exterior domains, preprint. 
5. A. L. EDEL~CJN AND J. D. SCHUUR, Noniscillatory solutions of (rx”)” + f(t, x) = 0, Pa& 
J. Math. 109, No. 2, 313-325. 
6. D. GILBARG AND N. S. TRUDINGER, Elliptic partial differential equations of second oder, 
in “Grundlehren der Mathematischen Wissenschaften,” 224, Springer-Verlag, New 
York/Berlin, 1977. 
7. T. KUSANO AND M. NAITO, Nonlinear oscillation of fourth order differential equations, 
Canad. J. Math. 28, 80-852. 
8. T. KLJSANO AND C. A. SWANSON, Asymptotic properties of semilinear elliptic equations, 
Funkcial. Ekvac. 26, No. 2, 115-129. 
9. T. KUSANO AND C. A. SWANSON, Entire positive solutions of singular semilinear elliptic 
equations, Japan J. Math. 11, No. 1 (1985), 145-155. 
10. E. S. NOLJ~~AIR AND C. A. SWANSON, Positive solutions of quasilinear elliptic equations in 
exterior domains, J. Math. Anal. Appl. 75 (1980), 121-133. 
